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Abstract. The existence of symmetries in asymptotically flat spacetimes is studied from the
viewpoint of initial-value problems. General necessary and sufficient (implicit) conditions are given
for the existence of Killing vector fields in the asymptotic characteristic and in the hyperboloidal
initial-value problem (both of which are formulated on the conformally compactified spacetime
manifold).

PACS number: 0420G

1. Introduction

The most convenient way of considering the far fields of isolated gravitational systems is to
use the conformal technique introduced by Penrose (see in [19]). In this setting one works
on the conformally extended spacetime manifold where points at infinity (with respect to
the physical metric) are glued to the physical spacetime manifold, i.e. they are represented
on this extended, unphysical spacetime manifold by regular points. This means that one
works on finite regions of the unphysical spacetime, where one can use all the tools of the
standard, local differential geometry to perform calculations, so one avoids the determination
of limits at infinity. Of course, not all types of spacetime admit the construction of conformal
infinities, those where the conformal extension can be performed are called asymptotically
simple. Asymptotically simple spacetimes, where the cosmological constant vanishes, are
asymptotically flat. Spacetimes representing isolated gravitational systems are supposed to be
asymptotically flat.

Several well defined initial-value problems can be formulated on the extended, unphysical
spacetime manifold for asymptotically flat spacetimes, e.g. the following initial-value problems
have been studied extensively in the literature.

o In the asymptotic characteristic initial-value problem the data are given on past null infinity
J~ and on an incoming null hypersurface A which intersects 7~ in a spacelike surface Z
diffeomorphic to S? (the problem could be formulated analogously for future null infinity
J* with an intersecting, outgoing null hypersurface, as well).

e In the hyperboloidal initial-value problem the data are given on a (three-dimensional)
spacelike hypersurface S intersecting future null infinity J* in a spacelike surface Z
diffeomorphic to S?. The term ‘hyperboloidal’ comes from the fact that the physical
metric on S behaves near Z like that of a space with constant negative curvature. This

0264-9381/00/244981+09$30.00 © 2000 IOP Publishing Ltd 4981



4982 J Kdnndr

problem is not time symmetric in the sense that, in contrast to the problem formulated
with respect to J*, the Cauchy development of a hyperboloidal hypersurface intersecting
past null infinity 7~ does not extend up to null infinity.

These initial-value problems are solved, i.e. there are uniqueness and existence theorems for
these cases (see in [6, 7, 17], a review can be found in [8]).

e The standard Cauchy problem has not yet been completely solved. It is not known what
kind of asymptotic conditions need be imposed on the initial data in order to get smooth
null infinity in the time evolution, i.e. to get asymptotically flat spacetime in the sense
defined by Penrose (the current state of the research is reviewed in [9]).

Working on the unphysical spacetime provides some advantage even for numerical
calculations, because the evolution can be calculated over a finite grid covering a conformally
compactified initial spacelike hypersurface (some recent results can be found in [3-5, 12—16]).

In the present paper we want to formulate initial-value problems for Killing vector fields
in asymptotically flat spacetimes. Our results will be applicable for both of the hyperboloidal
and the asymptotic characteristic initial-value problems. We will impose general (implicit)
conditions on the initial data, which guarantee the existence of Killing vector fields in the
time evolution. Our method is essentially the same as in [20], where the same problem was
solved on the physical spacetime manifold for all types of initial-value problems which could be
relevant there (see also [10, 21]). However, here we will study the above introduced asymptotic
characteristic and hyperboloidal initial-value problems, so we have to work in terms of the
conformal quantities on the extended, unphysical spacetime manifold. The scheme of our
proof is essentially the same as in [20], however the corresponding calculations are much more
complicated. First we will discuss the problem in general, then two examples, spacetimes with
Klein—Gordon and Maxwell fields, will be studied in more detail in the appendix.

The symmetry properties of asymptotically flat spacetimes have already been studied by
many authors. It is known what kinds of symmetries are admitted by asymptotic flatness
and what kinds of additional restrictions are implied by the presence of Killing vector fields.
This field already has a huge literature, the investigations are also extended for electrovacuum
spacetimes (see [1,2]) and for spacetimes with non-smooth but polyhomogenous null infinity
[18] (these papers also contain a well selected list of the most important previous papers). All
these investigations are done by considering asymptotic solutions for the relevant equations
(Einstein(-Maxwell) and Killing equations). We do not plan to reproduce the above results,
but just to show that analogous investigations can be performed by working exclusively in
terms of the conformal quantities. We will consider this topic from the point of view of initial-
value problems. With the help of our method one can (in principle) directly connect the initial
data and the symmetries of the corresponding solution. This treatment could be useful for
numerical investigations.

2. Killing fields on the unphysical spacetime

In the following we use the notation that quantities defined with respect to the physical
spacetime manifold (M, &aqp) have a tilde, and the indices of such (tensorial) quantities will be
raised and lowered by the physical metric (., £°°).

Let 77 be a Killing vector field on the physical spacetime manifold (M, g.3), i.e. which
satisfies the equation £;8,, = 0. From now on, £ will denote the Lie derivative of the
corresponding quantity (in the previous case it was taken with respect to the vector field
n*). The vector field 7 has a unique, smooth extension n“ (with n = n“|;) to the
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conformal spacetime manifold (M, g, 2), where M, Q and g, = Q*g,;, denote the extended,
unphysical spacetime, the conformal factor (which vanishes at null infinity) and the unphysical
metric, respectively. The vector field n“ is tangential to null infinity 7 (in this paper the symbol
J will denote both future and past null infinity, i.e. J* and 7, respectively), i.e. the condition
n(2)|7 = O is satisfied [11]. On (M, g,p, 2) the vector field n¢ is a conformal Killing vector
field, i.e. the equation

Ly8ab = Vanly + Vi = 1(®) gap with @ = In(Q?) 2.1)

is satisfiedf. Here V, denotes the Levi-Civita differential operator corresponding to the
conformal metric g,;,. Substituting equation (2.1) into the definition V,V,n. — V;, Vo1, =
Rape” ns of the curvature tensor, and then contracting it with the unphysical metric g, we
find the equation

Ona + Van(w) + R,/ ny =0, (2.2)

where we have introduced the D’ Alambert operator (1 := V fo . The above equation is
satisfied by all conformal Killing vector fields. Moreover, equation (2.2) is a linear wave
equation. We can formulate, by prescribing suitable initial conditions, well defined initial-
value problems for an arbitrary vector field 5, that satisfies the above equation. We will
show in the following that vector fields satisfying equation (2.2), supplied additionally with
appropriate initial data, do satisfy equation (2.1) on the unphysical spacetime. This means
they are proper Killing vector fields in the physical spacetime.
We obtain by some algebra after differentiating equation (2.2) the equation

0 =0V + (VoRy — VoR + V' Rup)np +2 R Veny — RS Viny

+Ry Van s + V, V(o). (2.3)
Introducing the tensor field
Cap = Vanp + Vpn, — n(w)gabv 2.4)

equation (2.3) implies the expression
0=0Cu+2R. " Cop — R Crp — Ry Cra+ gupOn(w) +2 Ly Rup + 2V, V().  (2.5)
The last term here can be rewritten as
2V, V(@) = (VyChs + VpCop — VCap) V0 + L) (Vo0 Vp0 +2 V, V)

—8ab(V/ 0) L)V s, (2.6)
while for [In(w) we obtain

On(@) = CapV*V?0 — 1C0p (V') V0 + 1n(@)(R — R) + 1L£,(R — R), (2.7)

where we have introduced R = g R. r» while R denotes the curvature scalar of the unphysical
spacetime. Deriving the above equations, we repeatedly exploited the fact that 7, is a solution
of the wave equation (2.2). Substituting the formulae (2.6) and (2.7) into (2.5) and utilizing
that

2Ly (Rap + Vo Vpw) = L{2 Rap — 28a(R — B) + g (Vi) V0w — (Vo) Vyo),  (2.8)
where we have used the conformal transformation formula
N 3 f 1 7
Ry, = Rab+§ga,,(vfsz)v Q- 5{2vavbsz+ga,,va Q} (2.9)

+ It is worth emphasizing that n(w) is a regular expression even on null infinity, where 2 vanishes.
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for the Ricci tensor, we arrive at our evolution equation
0=0Cup +2 R Cep — R/ Cpp — Ry Cra + {VuCip + VCap — Vi Cap} Vw0

+HiVi0)V/o — LR - R)|Cup
—8a{ (V) Vw0 — VV 0} Cp + 2L, Rup (2.10)
for the tensor field Cyp,.

3. Vacuum spacetimes

Equation (2.10) is a second-order, linear, hyperbolic partial differential equation for the tensor
field C,p, which is additionally homogeneous in vacuum (R,, = 0). The following assertion is

thus a simple consequence of the general existence and uniqueness theorems for wave equations
(cf [22]).

Theorem 3.1. Let (M, g.», 2) denote some conformally compactified, asymptotically flat
vacuum spacetime. If the vector field n, is a non-trivial solution of the evolution equation (2.2);
furthermore, if the tensor field C,, vanishes on the initial surfaces (hypersurface) of the
considered asymptotic characteristic (hyperboloidal) initial-value problem, then 7* = n°|
is a Killing vector field on the considered region of the physical spacetime.

The regularity of the principal part of (2.10) allows the use of the standard energy estimate
methods for proving the uniqueness of the {C,, = 0} (i.e. n is a conformal Killing vector)
solution.

Now we turn to the more general case where matter fields are also present in the spacetime.
First, we will derive some general results, then finally we discuss the cases of a massless scalar
and an electromagnetic field.

4. Spacetimes with matter fields

We start with some general assumption on the matter fields admitted in spacetimes which will
be discussed in our following studies. We will suppose that the energy-impulse tensor has the
structure

Tup = Tup(D®V, V. DD, 30p), 4.1

i.e. it depends on some matter fields ®’ = &%) (where capital indices such as ‘A, B, ...’
are multi-indices denoting a collection ‘a;a, . .." of covariant indices, while i’ is just to label
several matter fields), on their first covariant derivatives and on the physical metric. The fields
&DX) are supposed to have regular limits at null infinity 7, so they can be smoothly extended to
well defined tensor fields CDX) on the unphysical spacetime where CfDX) = @g) | ;7 1s satisfied.
Assuming the Einstein equation holds, we obtain an expression similar to (4.1) for the physical
Ricci tensort

Rap = Rup(®), V, D, &) 4.2)

Equation (2.10) contains the Lie derivative of the physical Ricci tensor

R ORa . ) 3 Rap S &) IR . -
LyRap = Z = £n®a +Z == LaVe®y + Y Ly8es- (4.3)
8<I>A oV, CDA 8ef

F It is worth noting that we could have started, just like in [20], by imposing the conditions (4.2) and (4.10); the
analysis itself is independent of the exact form of the Einstein equation.

i i e
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Like the matter fields ég), their Lie derivatives £,7<f>x) are also well defined tensor fields on
the whole unphysical spacetime, more precisely End)x) =L, <I>X) |7 is satisfied. Therefore,
we can also omit the tildes from CIDX), and the Lie derivative appearing in the second term of
equation (4.3) can be rewritten as

n

L,(Ved) () =VeLy® o = D (VLD ea 18" PG s 4.4
j=1
where we have used the abbreviation
(6‘Cng)eajf = %(ﬁe‘cnga,-f + 6@,- Cngef - 6f['rzgea,)- (45)

Both of the above equations contain the Levi-Civita differential operator V induced by the
physical metric g,5. In order to extend these expressions into the unphysical spacetime first
we have to change to the operators V induced by the conformal metric g,, i.e. we have to
apply the conformal transformations

n
VeLy®D = VoL, @+ Tou/L,0))
j=1

ai...a, aj...a, aj...f...a,’
(4.6)

- 1 1 ([ P 2

ve'cr/gab = @vecab + @ Ly Cfb + Loy Caf - ﬁcabveg s
where we have used the symbols

~oc 2 c 1 cd

[ = S (80, ViR — 38a8°" Vu ). 4.7
We have also applied the relation

~ Cab
Ly8ap = @ (4.8)

which follows directly from the definition (2.4) of the tensor field C,;,. Substituting all of the
above-quoted formulae into expression (4.3) we obtain an equation with the structure

Ly Rap = Aap(Ly®) + Bup (Vo Ly @) + Cap(Cop) + Dap(VoC ), (4.9)

where all of A, Buy, Cap and D, are linear, homogeneous functions in their indicated
arguments. However, as we will see later in explicit examples, some of these functions may
also contain terms with negative powers of the conformal factor €2 which vanishes on null
infinity. This means that singular terms can also appear on the right-hand side of (4.9).

Let us suppose that the matter fields éx) = CDX) | ;7 satisfy the field equations

V. Vvid = FO@Y, ¥, 5., (4.10)

where F\ denote some smooth functions of the indicated arguments (the matter fields are
admitted to be coupled to each other). Calculating the Lie derivative of the previous equation,
and then performing the same transformations as above, we can derive the evolution equations

0L, @4 = 9L, @) + FL (Ve £, @) + G0 (Cop) + HY (VeCrp) - (4.11)

for the Lie derivatives of the matter fields (we have already performed the conformal
transformations (4.6)—(4.8), as well). The functions SX) ) ff{) ) QX) and HX) are linear and
homogeneous in their indicated arguments. However, their regularity, like above at (4.9),

depends on the concrete physical model which is investigated.
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Equations (2.10) (in view of equation (4.9)) and (4.11) are composed of a system of
linear, homogeneous wave equations for the variables C,;, and E,,CDX) . The right-hand sides
can contain terms which are singular at null infinity; however, the principal parts are always
regular. This allows us to apply the general theorems (see in [22]) to prove the uniqueness of
the {Cyp =0, £, o 4 = 0} solution. This means that the following assertion is just a simple
consequence of the general theorems.

Theorem 4.1. Let (M, gup, ) denote some conformally compactified asymptotically flat
spacetime containing some matter fields d> which satisfy the evolution equations (4.10).

If the vector field n, is a non-trivial solutzon of the wave equation (2.2); furthermore, if
[,,,CDZ) and the tensor field C,j, vanish on the initial surfaces (hypersurface) of the considered
asymptotic characteristic (hyperboloidal) initial-value problem, then 1° = n®|; is a Killing
vector field on the considered region of the physical spacetime.

In the appendix we will consider two examples, the massless scalar and the electromagnetic
field, in more detail. First, it is useful to write down the actual formulae where one can observe
explicitly the nature of the singularities appearing on 7, caused by the é terms. Secondly, the
field equations for the electromagnetic field are not automatically of the form (4.10), one has
to impose suitable gauge conditions in order to apply the above general results.

5. Summary

We have derived general necessary and sufficient initial conditions for Killing vector fields
in the asymptotic characteristic and hyperboloidal initial-value problems. These conditions
are implicit in the sense that they have to be evaluated for the components of the vector field
n“. The existence of Killing vector fields depends on the existence of n* # 0 solutions for
the conditions derived above for the initial data (equation (2.2), C,, = 0 and /J,,CIDZ) =0
have to be evaluated on the initial surfaces (hypersurface)). Unfortunately, the evaluation
of these general implicit conditions cannot be done in such a general way as we treated the
whole problem in this paper. For instance, the calculations are fundamentally different for
the asymptotic characteristic and for the hyperboloidal initial-value problems. The case of the
asymptotic characteristic initial-value problem is the simpler one, because the initial surfaces
are characteristics for equation (2.2), so they induce propagation equations for the transversal
derivatives of the Killing field. A further important distinction arises from the relationship of
the Killing vector field to the initial surfaces, i.e. whether it is tangential or transversal (on null
infinity it has to be transversal). Unfortunately, there are a lot of possible configurations which
should be analysed separately. Here we presented just the framework and the general results,
future work is planned for studying some applications.
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Appendix. Massless scalar and electromagnetic field

Let as consider a massless scalar field ® on the physical spacetime manifold (M, g.;,) with
the evolution equation

V,Vid =0, (A.1)
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and with energy-impulse tensor
Top = V@V ® — 15, V,OV/ . (A2)

The scalar field @ is supposed to have a regular limit at null infinity, so it has a unique extension
® (with & = ®|;) which is regular on the whole unphysical spacetime (M, gqp, 2). By the
Einstein equations the Lie derivative of the physical Ricci tensor with respect to n“ is simply

LyRap = 87 [(VaLy®)Vp® + (V, @)V, L, D). (A.3)

Here we already performed the conformal transformation, so the above expression is already
written in terms of the unphysical quantities. We can recognize that (A.3) is a completely
regular expression on the whole conformal spacetime manifold.

We can evaluate (4.11), as well. After some longer but straightforward calculations we
arrive at the equation

0=0L,® — (V'V/®)Cop — g/ V"®{V,Cyy — 1V,Cey}
VeQ

-2 {VeL,® — (V/®)C,.r ). (A.4)

Equations (2.10) (in view of (A.3)) and (A.4) constitute a linear, homogeneous system of wave
equations for the variables Cy;, and £, ®. The following statement is thus a special case of the
general theorem formulated in the previous section.

Proposition A.1. Let (M, g.p, 2) denote some conformally compactified asymptotically flat
spacetime containing some massless scalar field in the considered region. If the vector field n,
is a non-trivial solution of the evolution equation (2.2), furthermore if L, ® and the tensor field
Cp vanish on the initial surfaces (hypersurface) of the considered asymptotic characteristic
(hyperboloidal) initial-value problem, then ) = n|; is a Killing vector field on the considered
region of the physical spacetime.

Now we turn to the study of the electromagnetic field. The field equations in the physical
spacetime are given by

(*dF), =0, Fup = (dA)u, (A.5)

where d denotes the exterior differential of the corresponding quantity and the star indicates
the Hodge-dual. The vector potential is considered as the restriction to Mofad, = A i
1-form field A, which is regular on the whole conformally extended spacetime manifold. The
electromagnetic field equations are conformally invariant, so the previous equations can be
rewritten as

VaFab =0, Faop, = Vi Ap — VA, (A6)

where we already used the conformal Levi-Civita differential operator induced by the
unphysical metric g,;. The energy-impulse tensor and the physical Ricci tensor can be written,
using the Einstein equations, as simply
7~;ab = Faerngf - igacheFdfnggef, (A7)
Rab =8 [Faerfggf - AltgacheFdfnggef]y
respectively. It is easy to check that the Lie derivative (4.9) of the physical Ricci tensor now
takes the form

LRy = Q*{ A (LyAe) +Cap(Cep) ) (A.8)
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where A, and C,;, are some regular functions, homogeneous and isotropic in their indicated
arguments.

The evaluation of (4.11) requires a bit more work. Calculating the Lie derivative of the
first equation from (A.6) after some lengthy but straightforward calculation we arrive at

0=0L,As — g'4{ V'V Ay — VV,Ap}Cop + 85"V ARV Cop — Vi Cug} — RiEL, A,
V(L) + 1@ (VA = A) +87 g (V. Ay = AV,0)C
+(V/o)L A} (A9)

During the derivation of the previous equation we used only identity (4.4), equation (4.8) and
the evolution equation (2.2) satisfied by the vector field 7,.

It is easy to check that in terms of the conformal quantities the Lorentz gauge condition
can be rewritten as

VIA; = QY VI A, — A(w)] = 0. (A.10)
This means that in the Lorenz gauge equation (A.9) takes a simpler form
0=0L,A, — g"*{ V'V A, — VV,Ap}Cop — 88"V Ap{ViCiy + VCog — VyCar)
—RAL, Ay — 87" gV, Vi Ar — VAR Vi — AV, Vio}Cry
—~(V V') LyAr — (V0)V, Ly A (A.11)

This expression already has the structure of (4.11). At this point we can argue like above, i.e.
equations (A.11) and (2.10) constitute a linear, homogeneous system of wave equations with
aunique £,A, = 0 and C,;, = 0 solution. So the following statement is just a special case of
the general theorem of the previous section.

Proposition A.2. Let (M, gup, 2) denote some conformally compactified asymptotically flat
spacetime containing an electromagnetic field in the considered region. Let the vector potential
A, be given in the Lorentz-gauge, i.e. ViA, =0. If the vector field n, is a non-trivial solution
of the evolution equation (2.2); furthermore, if L,A, and the tensor field C,, vanish on the
initial surfaces (hypersurface) of the considered asymptotic characteristic (hyperboloidal)
initial-value problem, then 1, = 141 is a Killing vector field in the considered region of the
physical spacetime.

References

[1] Bicak J and Pravdova A 1998 Symmetries of asymptotically flat electrovacuum space-times and radiation J.
Math. Phys. 39 6011-39
[2] Bicak J and Pravdova A 1999 Axisymmetric electrovacuum space-times with a translational killing vector at
null infinity Class. Quantum Grav. 16 202341
[3] Frauendiener J 1998 Numerical treatment of the hyperboloidal initial value problem for the vacuum Einstein
equations I. The conformal field equations Phys. Rev. D 58 064002
(Frauendiener J 1997 Preprint gr-qc/9712050)
[4] Frauendiener J 1998 Numerical treatment of the hyperboloidal initial value problem for the vacuum Einstein
equations II. The evolution equations Phys. Rev. D 58 064003
(Frauendiener J 1997 Preprint gr-qc/9712052)
[5] Frauendiener J 2000 Numerical treatment of the hyperboloidal initial value problem for the vacuum Einstein
equations III. On the determination of radiation Class. Quantum Grav. 17 373-87
(Frauendiener J 1998 Preprint gr-qc/9808072)
[6] Friedrich H 1982 On the existence of analytic null asymptotically flat solutions of Einstein’s vacuum field
equations Proc. R. Soc. A 381 361-71
[7] Friedrich H 1991 On the global existence and the asymptotic behavior of solutions to the Einstein—-Maxwell—
Yang-Mills equations J. Diff. Geom. 34 275-345



(8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]

[17]

[18]
[19]
[20]
[21]

[22]

Killing vectors for asymptotically flat spacetimes 4989

Friedrich H 1992 Asymptotic structure of space-time Recent advances in general relativity: Essays in Honor of
E T Newman ed A 1Janis and J R Porter (Boston, MA: Birkhduser)

Friedrich H 1998 Einstein’s equation and geometric asymptotics Gravitation and Relativity: at the Turn of the
Millennium, Proc. GR-15 Conf. ed N Dadhich and J Narlikar (Pune: TUCAA)

Friedrich H, Racz I and Wald R M 1999 On the rigidity theorem for space-times with a stationary event horizon
or a compact Cauchy horizon Commun. Math. Phys. 204 691-707

Geroch R 1977 Asymptotic structure of space-time Asymptotic Structure of Space-Time ed F P Esposito and
L Witten (New York: Plenum)

Hiibner P 1993 General relativistic scalar field models in the large PhD Thesis Ludwig-Maximilians-Universitét

(Hiibner P 1994 Preprint gr-qc/9408012)

Hiibner P 1997 A method for calculating the structure of (singular) space-times in the large Phys. Rev. D 53
701-21

(Hiibner P 1997 Preprint gr-qc/9709029)

Hiibner P 1996 Numerical approach to the global structure of space-times Helv. Phys. Act. 69 316-20

Hiibner P 1998 More about vacuum space-times with toroidal null infinities Class. Quantum Grav. 15 L21-5

(Hiibner P 1997 Preprint gr-qc/9708042)

Hiibner P 1999 A scheme to numerically evolve data for the conformal Einstein equation Class. Quantum Grav.
2823-43

(Hiibner P 1999 Preprint gr-qc/9903088)

Kénnar J 1996 On the existence of smooth solutions to the asymptotic characteristic initial value problem in
general relativity Proc. R. Soc. A 452 945-52

Kroon J A V 2000 On Killing vector fields and Newman—Penrose constants J. Math. Phys. 41 898-923

Penrose R 1965 Zero rest-mass fields including gravitation: asymptotic behavior Proc. R. Soc. A 284 159-203

Récz 11999 On the existence of Killing vector fields Class. Quantum Grav. 16 1695-703

Récz 12000 On further generalization of the rigidity theorem for space-times with a stationary event horizon or
a compact Cauchy horizon Class. Quantum Grav. 17 153-78

Taylor M E 1993 Pseudo-Differential Operators and Nonlinear PDE (Boston, MA: Birkhauser)



